The diagonal entropy has attracted increasing attention recently, since it plays an important role in quantifying quantum coherence and identifying phase transitions in quantum many-body systems. Here, we investigate the ground states of the extended Kitaev chains with extensive pairing and hopping terms, which contains rich topological phases measured by the topological invariant winding numbers, and show that the diagonal entropy captures the properties of the symmetry-protected topological phase transitions in the studied model. Our results indicate that the diagonal entropy in the momentum space can be simply represented as a volume term on the length of lattice. Moreover, the susceptibility of diagonal entropy can identify the critical points of topological phase transitions efficiently even for those with higher winding numbers. This provides a new quantum-informatic approach to characterize the global feature of the topologically ordered states and may motivate a deep understanding of the coherence and diagonal entropy in various quantum many-body systems.
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Introduction.-Exotic quantum topological phases are firstly discovered in two-dimensional system, that is the fractional quantum Hall state [1] . With the rapid development of condensed matter physics [2] [3] [4] and topological quantum computation [5] [6] [7] [8] , a lot of effort has been devoted to characterizing different topological phases, which are beyond the symmetry breaking theory and can only be described by the topological order [9] . Entanglement, a central concept of quantum information science, has been employed to characterize different topological phases in two-dimensional lattice model. For instance, the entanglement entropy of the ground state [10] [11] [12] , as well as the entanglement spectrum [13] can detect topological order.
Over the past few years, one-dimensional many-body topological systems, such as the extended Kitaev chains with variable-range pairing and hopping parameters appearing in the Hamiltonian [14, 15] , have received great attention. These models produce new beneficial topological effects to enrich the appearance of one-dimensional topological superconductors [16] and can be demonstrated in several experimental platforms [17] [18] [19] . It has been indicated that the entanglement entropy (EE) can provide information about the topological phases in extended Kitaev chains via the logarithmic scaling [14, [20] [21] [22] . Moreover, quantum Fisher information (QFI), as a witness of multipartite entanglement [23] , has been studied in the ground states of the extended Kitaev chains and can successfully characterize topological quantum phases by a power-law scaling [24] . Nevertheless, it has been revealed that characterizing topological phases with high winding numbers ν ≥ 2 via QFI requires defining spin operators in the dual lattice by duality transformation [25] .
On the other hand, quantum coherence, describing the departure of the quantumness of a system from its classical feature, has been identified as a useful resource for various quantum information tasks [26] [27] [28] and plays important roles in quantum critical systems [29] [30] [31] [32] [33] . Recently, quantum coherence has been quantified in a rigorous framework by the relative entropy [26] , C(ρ) = S(ρ diag. ) − S(ρ), where S is the von Neumann entropy function. S(ρ diag. ) is the recently defined diagonal entropy (DE) [34] , for which ρ diag. denotes a diagonal part of the the full density matrix ρ. In the case of a pure state ρ, the EE S(ρ) = 0, and therefore the DE S(ρ diag. ) is equal to quantum coherence. Additionally, for pure states S(ρ diag. ) can be interpreted as the intrinsic randomness, which is proved to be a valid measure of quantum coherence [35] . Based on above discussions, although the diagonal state ρ diag. is conventionally considered as incoherent (classical) state because it has no superposition [36] , the DE of pure states can still provide information of the quantum coherence and thus may be possible to signal the quantum phases transitions [37] .
In this Letter, we focus on the extended Kitaev chains with variable-range pairing and hopping and calculate the DE of the ground states in the momentum space. The topological phases considered here are described by a Zvalued topological invariant given by the winding number [38] [39] [40] . We show that the DE is proportional to the length of lattice N , that is S(ρ diag. ) = sN , where
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s denotes the DE density. In addition, the discontinuity of s susceptibility has capability to highlight the critical points associated with the topological phase transitions (TPTs) in the models even for the TPTs with higher winding numbers.
Models.-First of all, we study the extended Kiteav chains with variable-range pairing term, for which the Hamiltonian is written as [14] 
where c † j and c j are creation and annihilation spinless fermion operators, J and ∆ denote the strength of hopping and pairing, respectively, µ is the chemical potential, α (nonnegative) represents the decay rate of pairing with distance, and N is the size of the Kitaev chain. For closed boundary conditions, d l = min{l, N − l}. It has been shown that the winding numbers of the topological phases in this model only contains ν = 0, ± 1 2 , ±1 [14, 24] , however the phases of higher winding numbers are absent.
In order to estimate the ability of DE to detect the TPTs with higher winding numbers, we also pay attention to the extended Kiteav chain with both of longerrange pairing and hopping. The corresponding Hamiltonian reads [15] 
where r represents the longest pairing and hopping distance, and β (nonnegative) represents the decay rate of hopping. Both of H 1 and H 2 are exactly solved by applying the Fourier transformation and Bogoliubov diagonalization [41] [42] [43] . They can be written in the momentum space with the form
the summation takes over all k = (2π N )(n + 1 2) (n = 0, 1, ..., N − 1) for closed chains with antiperiodic boundary conditions, k is the energy spectra,
is the Nambu spinor, → σ is the Pauli vector, and h k = (0, h y (k), h z (k)) is the unit Anderson vector. The concrete expressions of the unit Anderson vectors for H 1 and H 2 are given in the Supplemental Material [44] . The winding number is defined as ν = 1 2π ∮ dΘ k that counts how many times the vector h k winds in the y − z 
Next, we derive the expressions of DE for the ground states of extended Kitaev chains in momentum space. The Hamiltonians H 1 and H 2 can be represented as block matrices in the subspace 00⟩ k,−k , 11⟩ k,−k . Consequently, we can pick up the subspace ground state with negative energy
Then, the DE can be calculated directly
where S(ρ) = −Tr(ρ log ρ), and the DE of the N sites ground state is S
. Here we emphasize that the previous works, where EE is employed to characterize topological phases [14, 20, 21] , mainly focus on the bipartite entanglement obtained from reduced density matrix, while we pay attention to the DE of pure state, that is, the whole ground state. Therefore, DE has the potential to capture global properties of the ground states and diagnose TPTs.
Results.-We firstly explore the formulation of DE with respect to the size of extended Kitaev chains N . As shown in Fig. 1 , the numerical calculations indicate that there is a volume law for DE, i.e., S diag. N = sN . Actually, the volume effect of the DE block scaling law has been revealed in the real space [37] . This result extends the volume effect of DE into the momentum space. It is remarkable that the scaling law of DE S diag. N = sN is not only true for the lower ν topological phases shown in Fig. 1(a) but also valid for the high ν = ±3 topological phases indicated in Fig. 1(b) . It is known that the factor of scaling law contains rich physics, for instance, the factor of the entanglement entropy logarithmic scaling law is related to the holomorphic and antiholomorphic central charges [22] . Therefore in the following we pay attention to the DE density defined as s = S diag. N N and explore its capability in signaling the existence of TPTs in the studied model. The values of s are obtained by fitting the data of DE with the size of spin chains up to N ∼ 10 4 . We then calculate the DE density s in the extended Kitaev chain described by H 1 . As shown in the insets of Figs. 2(a), 2(b), 3(a) and 3(b) , s behaves non-analytically at critical points where TPTs occur. In order to probe the TPTs, the idea of susceptibility is employed [30] . The DE density susceptibility with respect to the quantity O which drives TPTs is defined as χ O (s) = ∂s ∂O. The non-analytical behaviors of s at critical points lead to the discontinuity of DE susceptibility χ O (s). From Figs.  2(a), 2(b), 3(a) and 3(b) , we can find that the DE susceptibility χ µ (s) is able to spotlight the critical points of TPTs efficiently. It should be noted that s is analytical [44] . It has been recognized that the validity of scaling laws may depend on the winding numbers of topological phases. For instance, the power-law scaling of QFI [25] and two-site scaling of quantum coherence [29] for the topological phases with high winding numbers can only be observed in the dual lattice. In order to demonstrate the capability of DE in detecting TPTs related to the topological phases with high winding numbers, we study the DE in the extended Kitaev chain with both longer-range pairing and hopping described by H 2 . The phase diagram of H 2 with r = 3, α = β = 0.2, and ∆ = 1 is shown in Fig. 4(d) , and we can see that there exist the topological phases with winding numbers ν max = 3 in this model.
The dependence of values of DE density s and its susceptibility χ µ (s) on parameter µ are displayed in Figs. 4(a) and 4(b) . The solid white lines in Fig. 4(c) mark the locations of discontinuous DE susceptibility, which coincide with the phase diagram of H 2 given in Fig. 4(d) . We can see that all the properties of the symmetry-protected TPTs including higher winding numbers can be sufficiently captured by the DE susceptibility. Different from recent works that characterize TPTs via QFI [24, 25] , the DE method does not require an ancillary operator obtained from "educated guess", and the consideration of duality is not necessary. It is worth pointing out that, although the DE is a basis-dependent quantity [45, 46] , we demonstrate that the DE in the real space with σ z representation can also characterize the TPTs by the parameters of the DE block scaling law [44] .
Conclusion.-In conclusion, we have studied the diagonal entropy (DE) in the extended Kitaev chains with variable-range pairing and hopping. We focus on the ground states of the models, for which the DE can be interpreted as a quantification of quantum coherence in the states. Firstly, we show that the DE in momentum space satisfies the volume law with respect to the size of Kitaev chains N , that is S diag. N = sN . The universality of the volume law is also demonstrated for the topological phases with high winding numbers. Secondly, the factor s, denoted as the DE density, is numerical calculated. The non-analytical behaviors of s, equivalent to the discontinuity of DE susceptibility, efficiently spotlight the critical points related to topological phase transitions (TPTs) in the Kitaev chains. Although DE is dependent on the representation, we show that the DE in the real space can also detect TPTs.
In contrast to the characterization of TPTs via quantum Fisher information, the DE method requires no prior knowledge of ancillary operators and duality, such that this feature is convenient to be examined. This work may shed light on a comprehensive understanding of coherence and the DE and the method is worthy of extending to the two-dimensional systems, such as the toric code model [47] [48] [49] , as well as the non-Hermite Hamiltonian systems [50] [51] [52] .
